Exotic torus manifolds and equivariant smooth structures on quasitoric
  manifolds by Wiemeler, Michael
ar
X
iv
:1
11
0.
11
68
v2
  [
ma
th.
GT
]  
1 F
eb
 20
12
EXOTIC TORUS MANIFOLDS AND EQUIVARIANT SMOOTH
STRUCTURES ON QUASITORIC MANIFOLDS
MICHAEL WIEMELER
Abstract. In 2006 Masuda and Suh asked if two compact non-singular toric
varieties having isomorphic cohomology rings are homeomorphic. In the first
part of this paper we discuss this question for topological generalizations of
toric varieties, so-called torus manifolds. For example we show that there are
homotopy equivalent torus manifolds which are not homeomorphic. Moreover,
we characterize those groups which appear as the fundamental groups of locally
standard torus manifolds.
In the second part we give a classification of quasitoric manifolds and certain
six-dimensional torus manifolds up to equivariant diffeomorphism.
In the third part we enumerate the number of conjugacy classes of tori in
the diffeomorphism group of torus manifolds. For torus manifolds of dimen-
sion greater than six there are always infinitely many conjugacy classes. We
give examples which show that this does not hold for six-dimensional torus
manifolds.
1. Introduction
In 2006 Masuda and Suh [14] asked the following:
Question 1.1. Let X1, X2 be two compact non-singular toric varieties with iso-
morphic cohomology rings. Are X1 and X2 homeomorphic?
We discuss this question for topological generalizations of compact non-singular
toric varieties, so-called torus manifolds. A torus manifold is a 2n-dimensional
closed connected smooth orientable manifold with an effective smooth action of an
n-dimensional torus T such that MT 6= ∅.
It is known that the answer to the question of Masuda and Suh is “no” if one
allows X1 and X2 to be torus manifolds [2, Example 3.4].
We show that for two torus manifolds M1,M2 the following holds:
M1,M2 have isomorphic cohomology
6⇒ M1,M2 are homotopy equivalent
6⇒ M1,M2 are homeomorphic
6⇒ M1,M2 are diffeomorphic.
As a byproduct of this study we show that, for n ≥ 4, every finitely presented
group is the fundamental group of some 2n-dimensional locally standard torus
manifold. For six-dimensional torus manifolds we have the following theorem:
Theorem 1.2 (Theorem 2.8). A group G is the fundamental group of a six-
dimensional locally standard torus manifold if and only if it is the fundamental
group of a three-dimensional orientable manifold with boundary.
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It should be noted that it follows from the classification results of Orlik and
Raymond [17] that the fundamental groups of four-dimensional torus manifolds
are free products of cyclic groups. Furthermore, the fundamental groups of four-
dimensional locally standard torus manifolds are free groups.
In the second part of this paper we give a classification of quasitoric manifolds
and certain six-dimensional torus manifolds up to equivariant diffeomorphism. One
consequence of this classification is the following theorem:
Theorem 1.3 (Corollary 6.4). Simply connected six-dimensional torus manifolds
with vanishing odd degree cohomology are equivariantly homeomorphic if and only
if they are equivariantly diffeomorphic.
In the third part of this paper we enumerate conjugacy classes of n-dimensional
tori in the diffeomorphism group of 2n-dimensional torus manifolds. If n ≥ 4, then
there are always infinitely many conjugacy classes.
The enumeration in the case of four-dimensional simply connected torus man-
ifolds was done by Melvin [15]. He showed that there are four-dimensional torus
manifolds with only a finite number of conjugacy classes of two-dimensional tori
and others with an infinite number.
We also give an enumeration for some six-dimensional torus manifolds. We
show that there are six-dimensional torus manifolds with only a finite number of
conjugacy classes and others with an infinite number. This last result is based on
a generalization of a theorem from [20] to simply connected six-dimensional torus
manifolds whose cohomology is generated in degree two (see Section 6 for details).
In this article all (co-)homology groups are taken with integer coefficients.
This paper is organized as follows. In section 2 we describe the fundamental
group of torus manifolds. In section 3 we construct homotopy equivalent but not
homeomorphic torus manifolds. In section 4 we construct homeomorphic but not
diffeomorphic torus manifolds.
In section 5 we give a classification of quasitoric manifolds up to equivariant dif-
feomorphism. In section 6 we give a classification of six-dimensional torus manifolds
with vanishing odd dimensional cohomology.
In section 7 we prove that there are infinitely many non-conjugated tori in the
diffeomorphism group of torus manifolds of dimension greater than six. In section 8
we use the classification from section 6 to determine the number of conjugacy classes
of three-dimensional tori in the diffeomorphism groups of some six-dimensional
torus manifolds.
I would like to thank Dieter Kotschick for drawing my attention to the question
which groups are isomorphic to fundamental groups of torus manifolds. This pa-
per grow out of an attempt to answer this question. Moreover, I want to thank
Stephen Miller and Nigel Ray for discussions on smooth structures on polytopes
and quasitoric manifolds. I would also like to thank Anand Dessai for comments
on an earlier version of this paper.
2. Fundamental groups of torus manifolds
In this section we construct torus manifolds with non-trivial fundamental group.
Before we do so we introduce the main construction for our counterexamples to the
rigidity problem for torus manifolds. Let M be a 2n-dimensional torus manifold
and X a closed smooth connected oriented n-dimensional manifold.
Then let ι1 : D
n → X be an orientation-reversing embedding of an n-dimensional
disc into X . Moreover, let ι2 : T
n × Dn → M be an orientation-preserving em-
bedding of an equivariant tubular neighbourhood of a principal orbit in M . Here
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T n ×Dn is oriented in the natural way. Then we define
α(M,X) = T n × (X − ι1(D˚
n)) ∪f (M − ι2(T
n × D˚n)),
where f = (IdTn ×ι1|Sn−1) ◦ ι2|
−1
Tn×Sn−1 .
It is immediate from the definition that α(M,X) is a torus manifold of dimension
2n.
Lemma 2.1. The equivariant diffeomorpism type of α(M,X) does not depend on
the choices of ι1 and ι2.
Proof. Let ι′1 : D
n → X be another orientation-reversing embedding of the n-
dimensional disc into X . Then it follows from Corollary 3.6 of [12, p. 52] that there
is a diffeomorphism f : X → X such that f ◦ ι1 = ι′1. Therefore the equivariant
diffeomorphism type of α(M,X) does not depend on ι1.
Before we prove that the equivariant diffeomorphism type of α(M,X) is inde-
pendent of ι2, we show that M −
⋃
{e}6=G⊂T M
G is connected. Here the union is
taken over all non-trivial subgroups G of T .
This is the case if, for all {e} 6= G ⊂ T , MG has at least codimension two. As-
sume that there is a component ofMG with codimension one. Then G is isomorphic
to Z/2Z. Moreover, the orbit of a generic point in this component is equivariantly
diffeomorphic to T/G. Since T/G is orientable, it follows from Proposition 3.11 of
[1, p. 185] that codimMG > 1. Therefore M −
⋃
{e}6=G⊂T M
G is connected.
Now assume that ι′2 : T
n×Dn → is another equivariant tubular neighbourhood
of a principal orbit in M . Then it follows from Corollary 2.4 of [18, p. 47] and
because equivariant tubular neighbourhoods of a closed invariant submanifold of a
T -manifold are equivariantly isotopic, that there is an equivariant diffeomorphism
f : M → M such that f ◦ ι2 = ι′2. Therefore the equivariant diffeomorphism type
of α(M,X) is independent of ι2. 
It follows easily from Lemma 2.1 that α(M,Sn) is equivariantly diffeomorphic
to M .
A torus manifold M is called locally standard if each orbit in M has an invariant
open neighborhood which is weakly equivariantly diffeomorphic to an open invariant
subset of an n-dimensional complex linear faithful representation of T . The isotropy
groups of points in a locally standard torus manifold are connected. Moreover, the
orbit space of a locally standard torus manifold is naturally a manifold with corners.
It follows immediately from the definition that α(M,X) is locally standard if
and only if M is locally standard.
Now we prove the following theorems.
Theorem 2.2. Let G be a group which is the fundamental group of a smooth
orientable n-dimensional manifold, n ≥ 3. Then G is the fundamental group of a
2n-dimensional locally standard torus manifold.
Since, for n ≥ 4, every finite presentable group is the fundamental group of some
orientable n-dimensional manifold we get:
Corollary 2.3. For 2n ≥ 8, every finite presentable group is the fundamental group
of some 2n-dimensional locally standard torus manifold.
Theorem 2.4. Let M be a torus manifold of dimension 2n, n ≥ 3, and X a
homology sphere of dimension n. Then π1(α(M,X)) = π1(X) ∗π1(M) and there is
an equivariant map f : α(M,X)→M which induces an isomorphism in homology.
Remark 2.5. It follows from Theorem 2.4 that there is no algorithm which can
decide if two torus manifolds of dimension 2n ≥ 10 are homotopy equivalent [19, p.
169-171].
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Proof of Theorem 2.2. Let X be a smooth orientable n-manifold, n ≥ 3, with fun-
damental group π1(X) = G andM a simply connected torus manifold of dimension
2n. Moreover, let ι1, ι2 as in the definition of α(M,X).
Since the maximal orbits in M have codimension greater than two, we have
π1(M − ι2(T
n × D˚n)) = π1(M) = 0.
Similarly one sees
π1(X − ι1(D˚
n)) = π1(X) = G.
Then we have by Seifert-van Kampen’s theorem
π1(α(M,X)) = (Z
n ×G) ∗Zn π1(M) = G.
If we take M in the above construction to be locally standard, then α(M,X) is
locally standard. Therefore the statement follows. 
For the proof of Theorem 2.4 we need the following lemma.
Lemma 2.6. Let X,X ′ be two oriented n-dimensional manifolds and M a 2n-
dimensional torus manifold. If there is an orientation preserving map f : X → X ′
which induces an isomorphism in homology, then there is an equivariant map F :
α(M,X)→ α(M,X ′) which induces an isomorphism in homology.
Proof. Since f has degree one, we may assume by a result of Hopf [7, Theorem 4.1,
p. 376] that there is a disc ι1 : D
n →֒ X such that f ◦ ι1 is an embedding and
X − ι1(Dn) is mapped by f to X ′ − f(ι1(Dn)).
By Lemma 2.1, we may use the embedding f◦ι1 to construct α(M,X ′). Therefore
Id×f |Tn×(X−ι1(Dn)) extends to a map F : α(M,X) → α(M,X
′) which is the
identity on M − ι2(T n × D˚n). Let A = M − ι2(T n × D˚n), M ′ = α(M,X) and
M ′′ = α(M,X ′). Then we have the following commutative diagram with exact
rows.
Hi+1(M
′, A) //
F∗

Hi(A)
Id

// Hi(M
′) //
F∗

Hi(M
′, A)
F∗

// Hi−1(A)
Id

Hi+1(M
′′, A) // Hi(A) // Hi(M
′′) // Hi(M
′, A) // Hi−1(A)
Therefore, by the five lemma, F∗ : H∗(M
′)→ H∗(M ′′) is an isomorphism if and
only if F∗ : H∗(M
′, A)→ H∗(M ′′, A) is an isomorphism.
By excision we have the following commutative diagram with all horizontal maps
isomorphisms
Hi(T
n ×X,T n ×Dn)
(Id×f)∗

Hi(T
n × X˜, T n × Sn−1)oo //
(Id×f)∗

Hi(M
′, A)
F∗

Hi(T
n ×X ′, T n ×Dn) Hi(T n × X˜ ′, T n × Sn−1)oo // Hi(M ′′, A)
where X˜ = X − ι1(D˚n) and X˜ ′ = X ′ − f(ι1(D˚n)).
Therefore F∗ : Hi(α(M,X), A)→ Hi(α(M,X ′), A) is an isomorphism if and only
if (Id×f)∗ : Hi(T n × X,T n × Dn) → Hi(T n × X ′, T n × Dn) is an isomorphism.
But this follows from the exact homology sequence of the pair (T n ×X,T n ×Dn)
and the five-lemma.
This proves that F induces an isomorphism in homology. 
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Proof of Theorem 2.4. There is an orientation preserving map X → Sn which in-
duces an isomorphism in homology. Therefore, by Lemma 2.6, there is an equi-
variant map F : α(M,X) → α(M,Sn) = M which induces an isomorphism in
homology.
Because there are T -fixed points in M , the inclusion of a principal orbit in M is
null-homotopic. Hence, the statement about the fundamental group follows as in
the proof of Theorem 2.2. 
As a step towards a description of those groups which are fundamental groups
of six-dimensional torus manifolds, we discuss the fundamental groups of locally
standard torus manifolds.
Lemma 2.7. Let M be a locally standard torus manifold with orbit space X =
M/T . Then the orbit map M → X induces an isomorphism π1(M)→ π1(X).
Proof. Let M0 be the union of all principal orbits in M . Then M0 is a principal
T -bundle over X˚ = X − ∂X . Therefore there is an exact sequence
π1(T )→ π1(M0)→ π1(X˚)→ 1.
Because there are fixed points in M , the inclusion of a principal orbit into M is
null-homotopic, i.e. the composition
π1(T )→ π1(M0)→ π1(M)
is the trivial homomorphism.
Hence, there is a map π1(X˚)→ π1(M) such that the following diagram commutes
π1(M0) //

π1(M)

π1(X˚) //
::
✉
✉
✉
✉
✉
✉
✉
✉
✉
π1(X)
Since X˚ is homotopy equivalent to X , it remains to show that π1(M0)→ π1(M)
is surjective. We have M0 =M −
⋃
{e}6=G⊂T M
G, where the union is taken over all
non-trivial subtori of T . Because each MG has at least codimension two in M it
follows that π1(M0)→ π1(M) is surjective. 
Theorem 2.8. A group G is the fundamental group of a six-dimensional locally
standard torus manifold if and only if it is the fundamental group of a three-
dimensional orientable manifold with boundary.
Proof. By Lemma 2.7, the fundamental group of a six-dimensional locally standard
torus manifold is isomorphic to the fundamental group of its orbit space. This orbit
space is after smoothing the corners a three-dimensional manifold with boundary.
Since the torus T is orientable, an orientation on the torus manifold induces an
orientation on the orbit space.
Now let X be a three-dimensional orientable manifold with boundary. Then
by Ja¨nich’s Klassifikationssatz [9], there is a five-dimensional special T 2-manifold
Y with orbit space X . Since T 2 is orientable, an orientation on X induces an
orientation on Y . It follows from Ja¨nich’s construction that Y ′ = Y × S1 is a
locally standard six-dimensional T 3-manifold without fixed points. The orbit space
of the T 3-action on Y ′ is X .
Now let ι1 : T
3 ×D3 →֒ Y ′ and ι2 : T 3 ×D3 →֒ S6 be inclusions of equivariant
tubular neighborhoods of principal orbits in Y ′ and S6, respectively. Define
M = Y ′ − ι1(T
3 × D˚3) ∪T 3×S2 S
6 − ι2(T
3 × D˚3).
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Then M is a locally standard torus manifold. The orbit space M/T is diffeo-
morphic to a connected sum at interior points of X and S6/T . Since S6/T is after
smoothing the corners a three-dimensional disc, it follows that M/T is homeomor-
phic to X with a three-dimensional open disc removed from its interior. Therefore
we have by Lemma 2.7 π1(M) = π1(M/T ) = π1(X). 
3. Homotopy equivalent but not homeomorphic torus manifolds
In this section we prove the following theorem.
Theorem 3.1. There are simply connected torus manifolds M1,M2 and an equi-
variant map M1 →M2 which is a homotopy equivalence such that M1 and M2 are
not homeomorphic.
Proof. Let X be a homotopy CPn, n ≥ 3, such that X has non-standard first
Pontrjagin-class p1(X) = ax
2 6= ±(n + 1)x2, where a ∈ Z and x ∈ H2(X) is a
generator. As in the proof of Theorem 2.2 one sees that α(S4n, X) and α(S4n,CPn)
are simply connected. By Lemma 2.6, there is an equivariant map
M1 = α(S
4n, X)→ α(S4n,CPn) = M2
which is a homotopy equivalence.
We claim that H4(M1) is torsion-free but p1(M1) 6= p1(M2). From this claim it
follows that M1 and M2 are not homeomorphic (invariance of rational Pontrjagin-
classes).
We have the following exact sequence
H4(T 2n × S2n−1) H4(T 2n × (X − D˚2n))⊕H4(S4n − (T 2n × D˚2n))oo
H4(M1)oo H
3(T 2n × S2n−1)oo H3(T 2n × (X − D˚2n))⊕ . . .
φ
oo
Since φ is surjective and H4(S4n−(T 2n×D˚2n)) = 0, it follows that H4(M1) injects
into H4(T 2n × (X −D2n)).
Because H4(T 2n × S2n−1) and H4(T 2n × (X − D˚2n)) are torsion-free, it follows
that H4(M1) is torsion-free and p1(M1) = ax
′, where x′ ∈ H4(M1) is a primitive
vector. Similarly, one shows that p1(M2) = (n + 1)x
′′, where x′′ ∈ H4(M2) is a
primitive vector. Therefore p1(M1) 6= p1(M2) follows. 
4. Homeomorphic but not diffeomorphic torus manifolds
In this section we prove the following theorem.
Theorem 4.1. There are 18-dimensional torus manifolds M1, M2 such that M1,
M2 are equivariantly homeomorphic but not diffeomorphic.
For the proof of this theorem we need the following lemma.
Lemma 4.2. Let ι1, ι2 : D
n
1 → M
n, n ≥ 6, be locally flat orientation-preserving
embeddings in a topological manifold M . Then there is an orientation-preserving
homeomorphism f : M → M such that f ◦ ι2|Dn
1/2
= ι1|Dn
1/2
. Here Dna denotes the
n-dimensional disc with radius a.
Proof. Since the group of orientation-preserving homeomorphisms acts transitively
on M we may assume that ι1(0) = ι2(0).
By Theorem 3.6 of [10, p. 95-96], there is an orientation-preserving homeomor-
phism f0 :M →M such that f0 ◦ ι2(Dn1 ) = ι1(D
n
1 ). Therefore we may assume that
ι1(D
n
1 ) = ι2(D
n
1 ).
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By the remark after Theorem 1 of [11, p. 575-576], the homeomorphism ι−11 ◦
ι2|D˚n1
of D˚n1 is isotopic to a homeomorphism f1 : D˚
n
1 → D˚
n
1 which is the identity
on Dn1/2.
By Corollary 1.2 of [6, p. 63], ι1 ◦ f1 ◦ ι
−1
2 |ι2(Dn1/2) extends to a homeomorphism
f :M →M . This f has the required properties. 
Proof of Theorem 4.1. There are 9-dimensional orientable manifolds X1, X2 such
that X1 and X2 are homeomorphic but p2(X1) = 0 and p2(X2) 6= 0 [3, Proof of
Theorem 3.1, p. 362-363].
From Lemma 4.2 it follows as in the proof of Lemma 2.1 that M1 = α(S
18, X1)
and M2 = α(S
18, X2) are homeomorphic.
As in the proof of Theorem 3.1 one sees that H8(M1) injects into H
8(T 9 ×
(X1 − D˚9))⊕H8(S18 − (T 9× D˚9)). Since p2(S18) = 0 and H8(T 9 × (X1 − D˚9)) ∼=
H8(T 9 ×X1), it follows that p2(M1) = 0 and p2(M2) 6= 0. Hence, M1 and M2 are
not diffeomorphic. 
5. Classification of quasitoric manifolds up to equivariant
diffeomorphism
The purpose of this section is to prove some facts about differentiable structures
on polytopes and equivariant differentiable structures on quasitoric manifolds.
We use the following notation a (weakly) quasitoric manifold is a locally standard
torus manifold such that the orbit space is face-preserving homeomorphic to a
simple convex polytope. We say that a quasitoric manifoldM is strongly quasitoric
if the orbit space (with the smooth structure induced by the smooth structure ofM)
is diffeomorphic to a simple convex polytope P (with the natural smooth structure
coming from the embedding P →֒ Rn).
We will show that this smooth structure of P depends only on the combinatorial
type of P . Moreover, we will see that the smooth structures (up to equivariant
diffeomorphism) on M are one-to-one to the smooth structures on P . Therefore
in the equivariant homeomorphism class of a quasitoric manifold M there is up to
equivariant diffeomorphism exactly one strongly quasitoric manifold.
We begin by proving that two combinatorially equivalent simple polytopes equip-
ped with their natural smooth structures are diffeomorphic. To show that we will
work with more general objects than simple polytopes so called nice manifolds with
corners.
An n-dimensional manifold with corners X is locally modelled on charts ψU :
X ⊃ U → [0, 1[n, where U is an open subset of X . For each x ∈ U we define c(x)
to be the number of components of ψU (x) which are zero. This number c(x) is
independent of the chart ψU and the neighborhood U of x. So that we get a well
defined function c : X → {0, . . . , n}.
We call the closures of the connected components of c−1(k) the codimension k
faces of X . The faces of codimension one are also called facets of X .
A manifold X with corners is called nice if each codimension k face of X is
contained in exactly k facets. Nice manifolds with corners are also called manifolds
with faces. If X is a nice manifold with corners, then all its faces are again nice
manifolds with corners.
Associated to a nice manifold with corners X is its face-poset P(X) which con-
sists out of the faces of X . The partial ordering on P(X) is given by inclusion.
We call two nice manifolds with corners of the same dimension combinatorially
equivalent if they have isomorphic face-posets.
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Theorem 5.1. Let X be a n-dimensional nice manifold with corners such that for
1 ≤ i ≤ n all i-dimensional faces of X are (after smoothing the corners) diffeomor-
phic to the i-dimensional disc Di. Assume that there is an n-dimensional simple
polytope P and
(1) an isomorphism φ : P(X)→ P(P ),
(2) for a line shelling (see [21, Chapter 8]) F1, . . . , Fm of P and some k < m,
there is a diffeomorphism f of a neighborhood of φ−1(F1) ∪ · · · ∪ φ−1(Fk)
onto a neighborhood of F1 ∪ · · · ∪ Fk such that for each face F of X which
is contained in φ−1(F1) ∪ · · · ∪ φ−1(Fk) we have φ(F ) = f(F ).
Then there is a diffeomorphism g : X → P such that for each face F of X we have
φ(F ) = g(F ). Moreover, for some neighborhood W of φ−1(F1) ∪ · · · ∪ φ−1(Fk) we
have g|W = f |W .
Proof. We prove this theorem by induction on the dimension of X . If X is one-
or zero-dimensional then there is nothing to prove. Therefore assume that X is at
least two-dimensional.
As a first step we construct a diffeomorphism f ′ : φ−1(Fk+1) → Fk+1 which is
equal to f near φ−1(F1)∪· · ·∪φ−1(Fk) and such that the map induced by f ′ on the
face-poset of φ−1(Fk+1) is equal to φ|P(φ−1(Fk+1)). At first assume that k + 1 < m
then the existence of f ′ follows from the induction hypothesis.
Therefore assume that k + 1 = m. Then we may choose neighborhoods W , W ′
in φ−1(Fk+1) and Fk+1 of the boundary of φ
−1(Fk+1) and Fk+1, respectively, such
that W , W ′ are nice manifolds with corners and
φ−1(Fk+1) = W ∪h D
n−1 Fk+1 = W
′ ∪h′ D
n−1,
and f maps W diffeomorphically onto W ′. Here h and h′ are diffeomorphisms of
the n − 2-dimensional sphere onto some component of the boundary of W , W ′,
respectively.
Therefore f extends to a diffeomorhism f ′ : φ−1(Fk+1) → Fk+1 if h′−1 ◦ f ◦ h :
Sn−2 → Sn−2 extends to a diffeomorphism of Dn−1. Now after smoothing the
corners V = W ∪
⋃k
i=1 φ
−1(Fi) is diffeomorphic to D
n−1. Moreover, V ∪h Dn−1
and V ∪f−1◦h′ D
n−1 are diffeomorphic to the boundaries of X and P , respectively.
Because these boundaries are after smoothing the corners diffeomorphic to Sn−1,
if follows that h′−1 ◦ f ◦ h extends to a diffeomorphism of Dn−1.
As our second step in the proof we extend f ∪ f ′ to a diffeomorphism of a
neighborhood of φ−1(F1) ∪ · · · ∪ φ−1(Fk+1). At first choose collars Ci of φ−1(Fi),
i = 1, . . . , k, in X . Then by f(Ci) there is given a collar of Fi in P .
Let W =
⋃k
i=1 Ci and W
′ =
⋃k
i=1 f(Ci) both with all corners which do not lie
on the boundary of X or P smoothed. Then W and W ′ have exactly one facet
which does not lie on the boundary of X and P , respectively. Next choose a collar
k : φ−1(Fk+1) − W˚ × [0, 1]→ Ck+1 ⊂ X − W˚ of φ−1(Fk+1) − W˚ in X − W˚ . Here
W˚ denotes W with the facet, which does not lie on the boundary of X , removed.
Then
f ◦ k ◦ (f ′−1 × Id[0,1]) : ((Fk+1 − f(W˚ )) ∩ f(W ))× [0, 1]→ (P − f(W˚ )) ∩ f(W )
is a collar of (Fk+1 − f(W˚ )) ∩ f(W ) in (P − f(W˚ )) ∩ f(W ). We can extend this
collar to a collar k′ : (Fk+1 − f(W˚ ))× [0, 1]→ P − f(W˚ ).
Now we can extend f ∪f ′ to W ∪Ck+1 by f ∪k′ ◦ (f ′× Id[0,1])◦k
−1. So we have
extended f to a neighborhood of φ−1(F1) ∪ · · · ∪ φ−1(Fk+1).
By iterating these two steps we may assume that f is defined on a neighborhood
of the boundary of X .
So we may choose neighborhoods W and W ′ of the boundaries of X and P such
that:
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(1) W and W ′ are nice manifolds with corners.
(2) f restricted to W is a diffeomorphism onto W ′.
(3) There is a homeomorphism h : ∂X × [0, 1]→W which is a diffeomorphism
outside a small neighborhood of X2 × [0, 1], where X2 is the union of all
faces of X which have at least codimension two. Moreover, ∂W has two
components h(∂X × {0}) and h(∂X × {1}).
(4) X = Dn ∪h′ W and P = Dn ∪h′′ W ′, where h′ and h′′ are diffeomorphisms
of Sn−1 onto the components h(∂X×{1}) and f ◦h(∂X×{1}) of ∂W and
∂W ′, respectively.
By the last equality, we have P = Dn∪f−1◦h′′W . Moreover,X and P are diffeomor-
phic if f−1 ◦ h′′ ◦ h′−1 can be extend to a diffeomorphism of W . If this extension
is the identity on the neighborhood of φ−1(F1) ∪ · · · ∪ φ
−1(Fk), then there is a
diffeomorphism X → P which is equal to f on this neighborhood.
The manifold on which f−1 ◦h′′ ◦h′−1 is defined is diffeomorphic to the standard
sphere. Therefore it can be isotoped to a diffeomorphism h′′′ which is the identity on
a neighborhood of
⋃m−1
i=1 Fi×{1} and on the set where h
−1 is not a diffeomorphism.
Let h1 = h|∂X×{1}. Then by h ◦ ((h
−1
1 ◦ h
′′′ ◦ h1) × Id[0,1]) ◦ h
−1 there is given a
diffeomorphism of W which extends h′′′ and is the identity on a neighborhood of
φ−1(F1) ∪ · · · ∪ φ−1(Fk).
Therefore the theorem follows. 
Corollary 5.2. Let X be a nice manifold with corners as in Theorem 5.1 and P
be a simple polytope of the same dimension as X. If there is an isomorphism φ :
P(X)→ P(P ). Then there is a diffeomorphism f : X → P such that f(F ) = φ(F )
for each face of X.
Proof. We prove this statement by induction on the dimension of X . If X is zero- or
one-dimensional then there is nothing to prove. So assume that X has dimension at
least two. Then by the induction hypothesis there is a diffeomorphism of a facet F of
X onto a facet of P . This diffeomorphism can be extended to a diffeomorphism of a
collar of F onto a collar of φ(F ). Now the statement follows from Theorem 5.1. 
Corollary 5.3. Two combinatorially equivalent polytopes are diffeomorphic as
manifolds with corners.
Next we want to discuss the question how much the assumptions of Theorem 5.1
on the diffeomorphism type of the faces of X may be weakened. In all dimensions
except 4 and 5 it is known that Dn has exactly one smooth structure.
Assume that X is a 5-dimensional nice manifold with corners which is home-
omorphic to D5 such that all faces of codimension at least one of X are after
smoothing the corners diffeomorphic to discs. If X is combinatorially equivalent to
a polytope P , then it follows from the proof of Theorem 5.1 that a neighborhood
of the boundary of X is diffeomorphic to a neighborhood of the boundary of P .
Therefore after smoothing the corners the boundary of X is diffeomorphic to the
standard four-dimensional sphere. Since a manifold homeomorphic to D5, whose
boundary is diffeomorphic to S4, is diffeomorphic to D5, it follows that X is after
smoothing the corners diffeomorphic to D5.
Therefore the assumptions in Theorem 5.1 on the diffeomorphism type of the
faces of X can be relaxed to:
• All faces of X are homeomorphic to a disc.
• The four-dimensional faces of X are after smoothing the corners diffeomor-
phic to the four-dimensional disc.
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This shows that if one wants to construct exotic smooth structures on a polytope
then one has to change the diffeomorphism type of the four-dimensional faces.
Actually we can prove the following theorem.
Theorem 5.4. Let P be a four-dimensional simple polytope. Then there is a
bijection between the smooth structures on P up to diffeomorphism and the smooth
structures on D4 up to diffeomorphism.
Proof. Let P1, P2 = P equipped with different smooth structures. Then, by Corol-
lary 5.2, there is a diffeomorphism of a facet of P1 onto a facet of P2. As in the
proofs of Corollary 5.2 and Theorem 5.1 we can extend this diffeomorphism to a
diffeomorphism of a neighborhood W of the boundary of P1 onto a neighborhood
of the boundary of P2. Let D1 and D2 be P1 and P2 with corners smoothed,
respectively.
Then we have Pi = Di ∪fi W , i = 1, 2, with some diffeomorphisms fi of the
boundary of Di onto a component of the boundary of W . Since by the Poincare´
conjecture ∂Di is diffeomorphic to S
3 it follows as in the proof of Theorem 5.1 that
f1 ◦ f
−1
2 extends to a diffeomorphism of W .
Therefore P1 and P2 are diffeomorphic if D1 and D2 are diffeomorphic.
It remains to prove that for each manifold D homeomorphic to D4 there is a
smooth structure P1 on P such that after smoothing the corners P1 is diffeomorphic
to D. Such a P1 can be constructed by removing a disc from the interior of P and
replacing it by D.
Therefore the theorem is proved. 
Theorem 5.5. Let P be an n-dimensional simple polytope with n ≥ 4. Then there
are more than one smooth structures on P if and only if there are more than one
smooth structures on D4.
Proof. If n = 4, then this follows from Theorem 5.4. Therefore assume n > 4. If
there is only one smooth structure on D4, then it follows from Theorem 5.1 and
the remarks there after that there is only one smooth structure on P .
That there are more than one smooth structures on P if there are more than one
smooth structures on D4 follows from the construction below. Let D be a manifold
homeomorphic to D4. Then there is a five-dimensional nice manifold with corners
D′ such that D′ is homeomorphic to D5 and has exactly two facets one of them
diffeomorphic to D the other diffeomorphic to D4. Denote D′×∆n−5∪D×∆n−5D×
∆n−4 by SD. Then the diffeomorphism type of D
4 ×∆n−5 ∪ ∂D ×∆n−4 ⊂ SD is
independent of D. Moreover, SD4 is diffeomorphic to D
4×∆n−4 with some corners
smoothed.
Now embed D4 into the interior of a four-dimensional face of P . Then this
embedding extends to an embedding of SD4 . Now remove SD4 from P and replace
it by SD. The resulting manifold with corners is face-preserving homeomorphic to P
and has a four-dimensional face which is after smoothing the corners diffeomorphic
toD. Therefore it cannot be diffeomorphic to P if D is not diffeomorphic toD4. 
Now we turn to the question how many equivariant smooth structures there are
on a quasitoric manifold.
Let P be a simple polytope and M be a quasitoric manifold over P . Denote by
λ the map which assigns to each point x of P the isotropy group of a point in the
T -orbit in M corresponding to x. Then λ is constant on the interior of each face
F of P . And we define λ(F ) = λ(x) for x an interior point of F .
It has been shown by Davis and Januszkiewicz [5, Proposition 1.8, p. 424] that
M is equivariantly homeomorphic to M(P, λ) = (P × T )/∼ with (x1, t1) ∼ (x2, t2)
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if and only if x1 = x2 and t1t
−1
2 ∈ λ(x1). Here we want to show that the smooth
structures on P are one-to-one to the equivariant smooth structures on M(P, λ).
For the proof we use the theory of T -normal systems developed by Davis in
[4]. There it has been shown that the isomorphism types of T -normal systems are
one-to-one to the diffeomorphism types of T -manifolds.
A T -normal system corresponding to a quasitoric manifoldM (or more generally
to a locally standard torus manifold) consists out of the following data (we use the
same notation as in [4, Definition 4.1, p.352]):
(1) A closed set J of normal T -orbit types.
(2) For each α ∈ J a principal T -bundle Pα over a manifold with Jα-faces Bα.
Here Jα = {β ∈ J ; β < α}.
(3) For each pair (α, β) ∈ J × J with β > α, an isomorphism of T -bundles:
θα,β : ∂αP
α
β ×T Pα → ∂αPβ .
These isomorphisms satisfy a certain compatibility condition.
The set of base spaces {Bα; α ∈ J} together with the maps induced by the θα,β
on the base spaces form a B-normal system which descripes the diffeomorphism
type of M/T .
At first we indicate how to construct from a polytope P (equipped with some
smooth structure) and a characteristic map λ a quasitoric manifold M such that
M is equivariantly homeomorphic to M(P, λ) and M/T is diffeomorphic to P .
At first note that the normal orbit type of a point in a quasitoric manifold M
is completely determined by the map λ. Therefore we take as our set J the set of
these normal orbit types.
We construct the manifolds Bα by removing minimal strata from P , repeatedly.
The Bα constructed in this way are contractible. Therefore all the T -bundles Pα are
trivial. Moreover, from this iteration we get diffeomorphisms θ′α,β : ∂αB
α
β ×Bα →
∂αBβ .
We define θα,β by the composition of the natural isomorphism ∂αP
α
β ×T Pα →
∂αB
α
β ×Bα×T and θ
′
α,β×IdT . Then the compatibility conditions are automatically
satisfied.
This T -normal system corresponds to a quasitoric manifold homeomorphic to
M(P, λ).
Next we want to show that two quasitoric manifoldsM1 andM2 are equivariantly
diffeomorphic if both manifolds are equivariantly homeomorphic toM(P, λ) and the
T -actions on M1 and M2 induce the same differentiable structure on P .
To do so we consider the T -normal systems corresponding to M1 and M2 and
show that they are isomorphic.
All parts of these T -normal systems are the same and as described above. The
only exception are the isomorphisms θα,β .
Denote the isomorphisms corresponding to M1 by θα,β and the isomorphisms
corresponding to M2 by θ
′
α,β. Since the orbit spaces of M1 and M2 are diffeo-
morphic, the T -normal systems corresponding to M1 and M2 induce isomorphic
B-normal systems. Therefore we may assume that θα,β and θ
′
α,β induce the same
maps on the base spaces.
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We have to find bundle isomorphisms φα : Pα → Pα such that the following
diagram commutes
(1) ∂αP
α
β ×T Pα
×φα //
θα,β

∂αP
α
β ×T Pα
θ′α,β

∂αPβ
φβ
// ∂αPβ
We construct the φα inductively starting with isomorphisms on the minimal
strata. The maps which we will construct in this way will always induce the identity
on the base spaces. When we pass from one stratum to the next one then the upper
part of the diagram (1) is already defined. This implies that φβ is defined on the
boundary of Pβ and we have to extend this isomorphism to all of Pβ . Note that the
isomorphisms of a trivial T -bundle over the space B correspond one-to-one to maps
B → T . Since the boundary of Bβ is always homeomorphic to a sphere, there are
now obstructions to extend φβ to all of Pβ if dimBβ is greater or equal to three.
So that we only have to define φα for dimBα ≤ 2. At first choose isomorphisms
Pα → Pα for all α with dimBα = 0.
Next choose a line shelling F1, . . . , Fm of P . Assume that the isomorphisms φα
are defined for all strata up to dimension two in
⋃k
i=1 Fi. From the shelling we get
an ordering of the two dimensional faces G1, . . . , Gm′ of Fk+1 such that there are
two cases:
(1) Gi ∩ (
⋃i−1
j=1Gj) is contractible.
(2) Gi∩ (
⋃i−1
j=1Gj) = ∂Gi and there is a three dimensional face H of Fk+1 such
that Gi ⊂ ∂H ⊂
⋂i
j=1Gj .
Moreover there is an 1 ≤ l ≤ m′ such that G1, . . . , Gl are the two-dimensional faces
in
⋂k
i=1 Fi ∩ Fk+1.
Denote by αGi the the normal orbit type of points in M1, M2 above Gi. Then
BαGi is diffeomorphic to Gi with all vertices cut off. If φαGi is defined then this
defines also an isomorphism φαG′ for dimG
′ = 1 and G′ ⊂ Gi because in this case
∂αG′B
αG′
αGi
is just one point.
We construct the φαGi ’s inductively by starting with G1. Assume that the φαGj
are already defined for j = 1, . . . , i − 1. When we are in case one then there are
no obstructions to define φαGi . If we are in case two then we have an isomorphism
φ : ∂PαGi → ∂PαGi which we want to extend to all of PαGi . We identify PαGi with
a part of the boundary of PαH . Then φ extends to an isomorphism of ∂PαH −PαGi
because this complement is a union of the ∂αGP
αG
αH ×T PαG with G ⊂ H ∩
⋃i−1
j=1Gi.
Therefore the map from ∂BαGi → T corresponding to φ is null-homotopic. Hence,
φ extends to an isomorphism of PGi .
To conclude this section we state what we have proved:
Theorem 5.6. Let P be a polytope and λ a characteristic map defined on P .
Then the T -equivariant smooth structures on M(P, λ) (up to equivariant diffeo-
morphisms) are one-to-one to the smooth structures on P (up to diffeomorphisms
which are compatible with λ).
By combining Theorem 5.6 and Corollary 5.1 we get the following corollary.
Corollary 5.7. Let M and M ′ be two strongly quasitoric manifolds over polytopes
P and P ′, respectively. If P and P ′ are combinatorially equivalent and M and
M ′ give rise to the same characteristic maps, then M and M ′ are equivariantly
diffeomorphic.
EXOTIC TORUS MANIFOLDS 13
6. Six-dimensional torus manifolds
In this section we discuss invariants of simply connected six-dimensional torus
manifolds M with Hodd(M) = 0 which determine M up to equivariant diffeo-
morphism. The results of this section are used in section 8 where the number of
conjugacy classes of three-dimensional tori in the diffeomorphism groups of some
six-dimensional torus manifolds is determined.
Before we state our first theorem we recall some of the results of [13].
If M is a six-dimensional torus manifold with Hodd(M) = 0, then, by Theorem
4.1 of [13, p. 720],M is locally standard and the orbit spaceM/T is a nice manifold
with corners. Moreover, all faces of M/T are acyclic.
We denote by P the face poset of M/T and by
λ : {faces of M/T } → {subtori of T }
the map which assigns to each face of M/T the isotropy group of an interior
point of this face. This map is called the characteristic map of M .
Theorem 6.1. Let M be a six-dimensional torus manifold with Hodd(M) = 0 and
π1(M) = 0. Then the equivariant diffeomorphism type of M is uniquely determined
by P and λ.
For the proof of Theorem 6.1 we need two lemmas which we prove before proving
the theorem.
Lemma 6.2. Let X and X ′ be two three-dimensional nice manifold with corners
which are homeomorphic to D3 such that all of their two-dimensional faces are
homeomorphic to D2. Then X and X ′ are diffeomorphic if and only if their face
posets are isomorphic.
Proof. At first note that since D2 and D3 have unique differentiable structures, all
faces of dimension greater than one of X and X ′ are after smoothing the corners
diffeomorphic to discs.
Therefore there are two cases:
(1) X has two two-dimensional faces and one one-dimensional face which is
diffeomorphic to S1.
(2) All faces of X are diffeomorphic to discs.
Since every diffeomorphism of S1 extends to a diffeomorphism of D2, one can
argue (in both cases) as in the proofs of Theorem 5.1 and Corollary 5.2 to prove
this lemma. Here instead of the shelling of the polytope one can use any ordering
of the facets of X ′. 
Lemma 6.3. Let X be a three-dimensional nice manifolds with corners as in the
previous lemma. Then there is an ordering F1, . . . , Fm of the facets of X such that
for all k < m all components of
⋃k
i=1 Fi are homeomorphic to discs.
Proof. Let Fm be any facet of X . Then Y = ∂X − Fm is a two-dimensional disc.
Therefore the lemma follows from the following claim:
Let Y =
⋃m
i=1 Yi be a two-dimensional disc, such that Yi ⊂ X are discs with
piecewise differentiable boundaries and such that Yi ∩ Yj ⊂ ∂Yi for all i, j. Then
there exists an ordering Yi1 , . . . , Yim such that for k ≤ m all components of
⋃k
j=1 Yij
are discs.
We prove this claim by induction on m. Let Yim such that the intersection of
Yim with the boundary of Y is non-empty. Then the complement of the interior of
Yim in Y is a disjoint union of discs. Therefore we get the ordering of the Yi from
the induction hypothesis. 
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Proof of Theorem 6.1. Since M is simply connected. The orbit space X = M/T is
simply connected. Therefore it is a disc. Hence, we see with Lemma 6.2 that the
diffeomorphism type of X depends only on P .
Moreover, we can argue as in section 5 to see that the equivariant diffeomorphism
type of M depends only on the smooth structure on X and the map λ. Here one
has to use the ordering of the facets of X from Lemma 6.3 instead of the shelling
of the polytopes.
If we put these two steps together then the theorem follows. 
Since P and λ are determined by the T -equivariant homeomorphism type of M
we get:
Corollary 6.4. Simply connected six-dimensional torus manifolds with vanishing
odd degree cohomology are equivariantly homeomorphic if and only if they are equiv-
ariantly diffeomorphic.
With Corollary 7.8 of [13, p. 736] and Theorem 6.1 one can show that The-
orem 2.2 of [20] holds for simply connected six-dimensional torus manifolds with
cohomology generated in degree two. To be more precise, we have the following
theorem.
Theorem 6.5. Let M,M ′ be simply connected torus manifolds of dimension six
such that H∗(M) and H∗(M ′) are generated by their degree two parts. Let m,m′
be the numbers of characteristic submanifolds of M and M ′, respectively. Assume
that m ≤ m′. Furthermore, let u1, . . . , um ∈ H2(M) be the Poincare´-duals of the
characteristic submanifolds of M and u′1, . . . , u
′
m′ ∈ H
2(M ′) the Poincare´-duals of
the characteristic submanifolds of M ′. If there is a ring isomorphism f : H∗(M)→
H∗(M ′) and a permutation σ : {1, . . . ,m′} → {1, . . . ,m′} with f(ui) = ±u′σ(i),
i = 1, . . . ,m, then M and M ′ are weakly T-equivariantly diffeomorphic.
Theorem 6.6. Let M be a six-dimensional torus manifold with Hodd(M) = 0.
Then there are a three-dimensional homology sphere X and a simply connected
torus manifold M ′ such that M = α(M ′, X).
Proof. The orbit space of the T -action onM is after smoothing the corners a three-
dimensional homology disc D˜3. Therefore we have a decomposition of M of the
form
M = D˜3 × T 3 ∪f M
′′,
where M ′′ is a six-dimensional T -manifold with boundary and M ′′T 6= ∅ and f :
∂D˜3×T 3 → ∂M ′′ is an equivariant diffeomorphism. The orbit space ofM ′′ is after
smoothing the corners diffeomorphic to S2 × [0, 1].
Choose a diffeomorphism h : S2 → ∂D˜3. Then let M ′ be the torus manifold
M ′ = D3 × T 3 ∪f◦(h×IdT3 ) M
′′
and X = D˜3 ∪hD3. Then, by Lemma 2.7, we have π1(M ′) = π1(D3) = 1 and X is
a homology sphere.
It is immediate from the definitions of M ′ and X that M = α(M ′, X). 
7. Tori in the diffeomorphism group of high dimensional torus
manifolds
In this section we prove the following theorem.
Theorem 7.1. Let M be a 2n-dimensional torus manifold, n ≥ 4. Then there are
infinitely many non-conjugated n-dimensional tori in Diff(M).
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Remark 7.2. The number of tori in the diffeomorphism group of four-dimensio-
nal simply connected torus manifolds were computed by Melvin [15]. He proved
that there are four-dimensional torus manifolds which have only a finite number of
non-conjugated tori in their diffeomorphism group.
For the proof of Theorem 7.1 we need two lemmas. Let M be a torus manifold.
A characteristic submanifold of M is a connected submanifold N of codimension
two which is fixed by a one-dimensional subtorus of T such that NT is non-empty.
It is easy to see that each torus manifold has a finite number of characteristic
submanifolds. Moreover, the isotropy group of a generic point in a characteristic
manifold is connected.
Lemma 7.3. Let M be a 2n-dimensional torus manifolds and T/S1 an (n − 1)-
dimensional orbit, which is contained in a characteristic submanifold M1 of M .
Furthermore, denote by T ′ a (n − 1)-dimensional subtorus of T such that T =
T ′ × S1. Then the T -equivariant normal bundle of T/S1 ∼= T ′ is given by
N(T/S1,M) = T ′ × Rn−1 × C,
where T acts on C through the projection T = T ′ × S1 → S1 →֒ C∗.
Proof. For x ∈ T/S1 the S1-representation Nx(M1,M) is isomorphic to C. There-
fore we have
N(M1,M)|T/S1 = T ×S1 C = T
′ × C
and
N(T/S1,M1) = T/S
1 × Rn−1
because T/S1 is a principal orbit of the T -action on M1. Therefore the statement
follows. 
Similarly one proves.
Lemma 7.4. Let X be a closed connected oriented manifold of dimension n+1 ≥ 3
on which S1 acts effectively, such that XS
1
is connected and codimXS
1
= 2. Then
for x ∈ XS
1
one has
TxX = R
n−1 × C.
These two lemmas enable us to introduce a second construction β(M,X). Let
M , T/S1, X , x as in Lemmas 7.3 and 7.4. Then we define the torus manifold
β(M,X) as
β(M,X) =M − (T ′ × D˚n+11 ) ∪T ′×Sn T
′ × (X − D˚n+12 ),
where T ′ ×Dn+11 is an equivariant tubular neighborhood of T/S
1 in M and Dn+12
is an equivariant tubular neighborhood of x in X .
It is easy to see that if X is diffeomorphic to Sn+1 then β(M,X) and M are
diffeomorphic. Moreover, if M1, . . . ,Mm are the characteristic submanifolds of M ,
then α(M1, X
S1),M2, . . . ,Mm are the characteristic submanifolds of β(M,X).
Now we construct S1-manifolds with the properties mentioned in Lemma 7.4
which are diffeomorphic to the standard sphere. This construction is analogous to
a construction in [8].
Let Y be a contractible compact manifold of dimension n ≥ 4. Then S1 acts
differentiable on D2 × Y (with corners equivariantly smoothed). Moreover, X =
∂(D2×Y ) = S1×Y ∪S1×∂Y D
2×∂Y is simply connected and D2×Y is contractible.
Therefore it follows from the h-cobordism theorem that D2×Y is diffeomorphic to
the standard n+ 2-dimensional disc [12, Corollary 4.5, p. 154].
Therefore X is the standard sphere and XS
1
= ∂Y .
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Since n ≥ 4, there are infinitely many contractible manifolds {Yi} with
rankπ1(∂Yi) 6= rankπ1(∂Yj)
for i 6= j. By the above construction, the Yi give rise to an infinite series of
n-dimensional tori in the diffeomorphism group of M . If two of these tori are
conjugated in the diffeomorphism group of M , then the disjoint unions of the char-
acteristic submanifolds corresponding to these tori are diffeomorphic. But this is
impossible by Theorem 2.4 and the remark about the characteristic submanifolds
of β(M,X).
Therefore Theorem 7.1 follows.
Remark 7.5. If H∗(M) is generated by its degree two part, the cohomology ring
of M may be described in terms of the combinatorial structure of its characteristic
submanifolds [13, Corollary 7.8, p. 735-736]. Since this combinatorial structure
does not change if we replace M by β(M,X), there is an isomorphism
H∗(M)→ H∗(β(M,X))
which preserves the Poincare´ duals of the characteristic submanifolds of M and
β(M,X). This shows that Theorem 6.5 does not hold for torus manifolds of di-
mension greater than six.
8. Tori in the diffeomorphism group of six-dimensional torus
manifolds
In this section we compute the number of conjugacy classes of three-dimensional
tori in the diffeomorphism group of some six-dimensional torus manifolds. We
summarize the results of this section in the following table.
M tori in Diff(M)
S6 1
CP 3 1
S2 × N , N simply connected 4-dimensional
torus manifold, N 6= kCP 2, k ≥ 2
∞
S2 × kCP 2, k ≥ 2 as in Diff(kCP 2)
We should note that this table shows together with Melvin’s results [15] that the
number of conjugacy classes of tori in the diffeomorphism group of six-dimensional
torus manifolds might be one, an arbitrary large finite number or infinite.
Theorem 8.1. Let M be a six-dimensional torus manifold which is diffeomor-
phic to CP 3 or S6. Then M is weakly equivariantly diffeomorphic to CP 3 or S6,
respectively, with T 3 acting in the standard way.
Proof. We give the proof only for the case that M is diffeomorphic to CP 3. The
proof for S6 is similar.
By Theorem 5.1 of [1, p. 393] and [16], all characteristic submanifolds of M
are diffeomorphic to CP 2. Therefore all facets of M/T are triangles. Because
M/T has χ(M) = 4 vertices, it follows that M/T is a tetrahedron. Because up
to automorphism of T 3 there is only one way to define a characteristic map λ, the
statement follows from Theorem 6.1. 
Lemma 8.2. Let M and M ′ be simply connected four-dimensional torus manifolds
such that χ(M) = χ(M ′). Then M × S2 and M ′ × S2 are weakly equivariantly
diffeomorphic if and only if M and M ′ are weakly equivariantly diffeomorphic.
Proof. We first consider the case where χ(M) = χ(M ′) 6= 4. Then M/T = M ′/T
is not diffeomorphic to the square I2 = [0, 1]2.
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Figure 1. The orbit spaces and characteristic maps of four-
dimensional simply connected torus manifolds with Euler charac-
teristic 4.
A weakly equivariant diffeomorphism h : M × S2 → M ′ × S2 induces a diffeo-
morphism h¯ :M/T × I →M ′/T × I. Since M/T is not diffeomorphic to I2, there
are vertices p1, p2 of I such that h¯(M/T × {p1}) =M
′/T × {p2}.
Therefore h restricts to a weakly equivariant diffeomorphism ofM = π−1(M/T×
{p1})→ π−1(M ′/T × {p2}) = M ′.
If χ(M) = 4, then M/T = M ′/T = I2 and M × S2/T = M ′ × S2/T = I3. The
characteristic maps of M and M ′ are given as in figure 1, see also [5, p. 427]. Here
p is an integer. Moreover, in that figure we have identified the one-dimensional
torus λ(F ), F facet of M/T , with a vector in R3 = LT 3 tangent to λ(F ).
Assume that there is an weakly equivariant diffeomorphism h : M × S2 →
M ′ × S2.
If the characteristic map of M is of type b), then there is one pair of opposite
facets of M × S2/T on which the characteristic map takes the same value. If the
characteristic map ofM is of type a) and p 6= 0, then there are two pairs of opposite
facets of M × S2/T on which the characteristic map takes the same value. If the
characteristic map of M is of type a) and p = 0, then there are three pairs of
opposite facets of M ×S2/T on which the characteristic map takes the same value.
Therefore we may assume that both characteristic maps of M and M ′ are of
type a) or both characteristic maps are of type b). In the second case M and M ′
are weakly T -equivariantly diffeomorphic.
Hence, we may assume that both characteristic maps are of type a). If for one
of the manifolds M and M ′ the value of p is zero, then this is also the case for the
other manifold. Hence, they are weakly equivariantly diffeomorphic.
So assume that the values pM and pM ′ of p for M and M
′ are both non-zero.
The diffeomorphism h induces an diffeomorphism h¯ : I3 → I3 and there is an
automorphism ψ of T 3 such that for each facet F of I3 we have
λM ′(h¯(F )) = ψ(λM (F )).
Here λM and λM ′ are the characteristic maps of M and M
′, respectively.
Let Lψ be the automorphism of LT 3 = R3 induced by ψ. Then we have
Lψ((0, 1, 0)) = ±(0, 1, 0),
Lψ((0, 0, 1)) = ±(0, 0, 1),
Lψ({±(1, 0, 0),±(1, pM , 0)}) = {±(1, 0, 0),±(1, pM ′, 0)},
or
Lψ((0, 1, 0)) = ±(0, 0, 1),
Lψ((0, 0, 1)) = ±(0, 1, 0),
Lψ({±(1, 0, 0),±(1, pM , 0)}) = {±(1, 0, 0),±(1, pM ′, 0)}.
Since Lψ((1, pM , 0)) ∈ 〈Lψ((1, 0, 0)), Lψ((0, 1, 0))〉, we must be in the first case.
Therefore h¯ maps the facets F1, F2 of I
3 with λ¯M (F1) = λ¯M (F2) = (0, 0, 1) to the
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Figure 2. The orbit spaces and characteristic maps of P (⊗ai=1γ⊕
⊗ai=1γ¯ ⊕ C) and S(⊗
a
i=1γ ⊕⊗
a
i=1γ¯).
facets F ′1, F
′
2 of I
3 with λ¯M ′ (F
′
1) = λ¯M ′ (F
′
2) = (0, 0, 1). Here λ¯(F ) indicates a vector
in R3 = LT which spans the Lie-algebra of λ(F ). The preimages of these facets
under the orbit maps are equivariantly diffeomorphic to M and M ′, respectively.
Therefore h restricts to a weakly equivariant diffeomorphism of M and M ′. 
Theorem 8.3. Let N be a simply connected four-dimensional torus manifold, N 6=
kCP 2, k ≥ 2, then there are infinitely many conjugacy classes of three-dimensional
tori in S2 ×N .
Proof. Two three-dimensional tori in the diffeomorphism group of S2×N are con-
jugated if and only if they give rise to weakly equivariantly diffeomorphic torus
actions on S2 ×N . An analogous statement holds for two-dimensional tori in the
diffeomorphism group of N . Therefore, if N 6= S4,CP 2, the theorem follows from
Lemma 8.2 and the fact that there are infinitely many conjugacy classes of tori in
the diffeomorphism group of N [15].
Now we consider the cases N = S4 and N = CP 2. Let γ be the canonical line
bundle over CP 1 = S2 and γ¯ its dual. Then there is exactly one lift of the S1-action
on CP 1 to γ such that γ(1:0) is the trivial S
1-represenation. Then the weight of the
S1-representation γ(0:1) is one.
Through the bundle isomorphism
CP 1 × C2 ∼= ⊗ai=1γ ⊕⊗
a
i=1γ¯,
a ≥ 0, there is given a S11 × S
1
2 × S
1-action on CP 1 × C2, where S11 acts by
multiplication on γ and S12 acts by multiplication on γ¯.
This action induces a torus action on
CP 1 × S4 = S(⊗ai=1γ ⊕⊗
a
i=1γ¯)
and
CP 1 × CP 2 = P (⊗ai=1γ ⊕⊗
a
i=1γ¯ ⊕ C).
The orbit spaces and the characteristic maps of these actions are shown in figure
2. In that figure we have identified the one-dimensional torus λ(F ), F facet of
P (⊗ai=1γ ⊕ ⊗
a
i=1γ¯ ⊕ C)/T or S(⊗
a
i=1γ ⊕ ⊗
a
i=1γ¯)/T , with a vector in R
3 = LT 3
tangent to λ(F ).
By considering the characteristic maps for these actions, one finds that two ac-
tions defined in this way by different a’s are not weakly equivariantly diffeomorphic.
We give here the details of the argument for CP 1 × S4. The argument for
CP 1 × CP 2 is similar.
Assume that Ma = S(⊗ai=1γ ⊕⊗
a
i=1γ¯) and Mb = S(⊗
b
i=1γ ⊕⊗
b
i=1γ¯) are weakly
equivariantly diffeomorphic. Then there are a diffeomorphism f : Ma/T → Mb/T
and a automorphism ψ of T such that for each facet F ofMa/T we have ψ(λa(F )) =
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λb(f(F )). Here λa and λb denote the characteristic maps of Ma and Mb, respec-
tively. Since, for each facet F ofMa, f(F ) and F have the same number of vertices,
we see from figure 2 that ψ induces an automorphism Lψ of the Lie algebra LT = R3
of T such that
Lψ({±(0, 0, 1),±(−a, a, 1)}) = {±(0, 0, 1),±(−b, b, 1)},
Lψ({±(1, 0, 0),±(0, 1, 0)}) = {±(1, 0, 0),±(0, 1, 0)}.
From these two equations we see that
(±a,±a, 0) = −a · Lψ((1, 0, 0)) + a · Lψ((0, 1, 0))
= Lψ((−a, a, 1))− Lψ((0, 0, 1)) = (±b,±b, c)
with c ∈ {0, 2}. Since a, b ≥ 0, it follows that a = b and c = 0. Therefore the
statement follows. 
Theorem 8.4. Let M = S2 × kCP 2, k ≥ 2. Then every T 3-action on M is
conjugated in Diff(M) to a product action of an action of T 2 on kCP 2 and an
action of S1 on S2.
Proof. We have
H∗(M) = Z[x1, . . . , xk, y]/(xixj = 0 if i 6= j, x
2
i − x
2
j = 0, y
2 = 0).
Since the cohomology ofM is generated in degree two, it follows from the results of
[13] that all intersections of characteristic manifolds ofM are connected. Moreover,
the Poincare´ duals of such intersections vanish if and only if the intersection is
empty.
Because the cohomology ring of M determines the f -vector of M/T for every
T -action on M [13, p. 736-737], M/T has k + 4 facets and 2k + 4 vertices. Let
F1, . . . , Fk+4 be the facets of M/T and M1, . . . ,Mk+4 the corresponding character-
istic submanifolds of M . Because H∗(M)→ H∗(Mi) is surjective [13, Lemma 2.3,
p. 716], Fi has at most k + 3 vertices.
We first consider the case, where Fi has less than k+3 vertices. Then H
2(M)→
H2(Mi) has non-trivial kernel. Let βy +
∑k
i=1 αixi be an element of this kernel.
At first assume that β 6= 0 and (α1, . . . , αk) 6= (0, . . . , 0). Then
−
k∑
i=1
α2ix
2
i = (βy +
k∑
i=1
αixi)(βy −
k∑
i=1
αixi)
is an element of the kernel of H4(M) → H4(Mi). Therefore x2i is an element of
this kernel. This implies that
βyxi = (βy +
k∑
j=1
αjxj)xi − αix
2
i
is also an element of this kernel. Therefore the map H4(M) → H4(Mi) is trivial.
But this is impossible because H∗(M)→ H∗(Mi) is surjective and H4(Mi) = Z.
Therefore we must have β = 0 or (α1, . . . , αk) = (0, . . . , 0).
At first assume that β 6= 0 and (α1, . . . , αk) = (0, . . . , 0). Because H4(M) →
H4(Mi) = Z is surjective, we have
ker(H4(M)→ H4(Mi)) =
k⊕
i=1
Zyxi,
ker(H2(M)→ H2(Mi)) = Zy.
Therefore Fi has k + 2 vertices. Moreover the Poincare´-dual of Mi is given by
±y. Therefore the intersection of two such facets is empty.
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Now assume that β = 0 and (α1, . . . , αk) 6= (0, . . . , 0). Then x2i is an element of
the kernel of H4(M)→ H4(Mi). Let
∑k
i=1 γixi ∈ H
2(M) such that its restriction
to H2(Mi) is non-trivial. Then there are δ, ǫi ∈ Z such that
(δy +
k∑
i=1
ǫixi)(
k∑
i=1
γixi)[Mi] 6= 0.
Therefore δ 6= 0 and y
∑k
i=1 γixi is not contained in the kernel of H
4(M) →
H4(Mi). This implies
ker(H4(M)→ H4(Mi)) = Zx
2
i ⊕ y ker(H
2(M)→ H2(Mi)),
rank ker(H2(M)→ H2(Mi)) = k − 1.
Therefore Fi has four vertices and the Poincare´ dual ofMi is contained in
⊕k
i=1 Zxi.
Therefore the intersection of three such facets is empty.
Therefore M/T has the following three types of facets:
(1) facets Fi with k + 3 vertices. Denote the number of facets of this type by
dk+3.
(2) facets Fi with k + 2 vertices such that the Poincare´-dual of Mi is given by
±y. Denote the number of facets of this type by dk+2.
(3) facets Fi with 4 vertices such that the Poincare´-dual of Mi is contained in⊕k
i=1 Zxi. Denote the number of facets of this type by d4.
Because M/T has 2k + 4 vertices and k + 4 facets it follows that
(
6k + 12
k + 4
)
=
(
4 k + 2 k + 3
1 1 1
) d4dk+2
dk+3

 .
If k > 3, then the only solution in N3 of this equation is given by
(d4, dk+2, dk+3) = (k + 2, 2, 0).
If k = 3, then this equation has the following two solutions
(d4, dk+2, dk+3) = (k + 2, 2, 0)
and
(d4, dk+2, dk+3) = (k + 3, 0, 1).
By Theorem 8.3 of [13, p. 738], each vertex of M/T is the intersection of three
facets of M/T . Therefore, in the second case, there must be vertices of M/T which
are the intersection of three facets of type 3. But this is impossible. Therefore this
case does not occur.
If k = 2, then we have 6 = d4 + dk+2 and dk+3 = 0. Therefore all facets of M/T
have four vertices. Hence, M/T is a cube.
Because the intersection of two facets of type 2 and the intersection of three
facets of type 3 are empty, it follows that dk+2 = 2 and d4 = 4 = k + 2.
Therefore the structure of the Poincare´-duals of the characteristic submanifolds
of M is the same as the structure of Poincare´-duals which is obtained by a product
action. This product action may be constructed from the T -action onM as follows.
Let M1 be the preimage of a facet of type 2. Then M1 is naturally a four-
dimensional torus manifold with b1(M1) = 0. By the classification of four-dimensional
torus manifolds given by Orlik and Raymond [16], M1 is diffeomorphic to kCP
2.
Therefore the productM1×S2 is diffeomorphic toM and Theorem 6.5 implies that
the T -action on M is conjugated to the product action on M1 × S2. 
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The previous theorem together with Lemma 8.2 implies that the number of
conjugacy classes of three-dimensional tori in Diff(M), M = S2 × kCP 2, k ≥ 2, is
equal to the number of conjugacy classes of two dimensional tori in Diff(kCP 2).
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